We consider an admissible system ðg; ðG; MÞÞ where g is the group of a Galois extension k=Q of number fields, G the ring O k of integers of k and M ¼ ðO k Þ 2 . The cohomology group H 1 ðg; O k Þ is nicely described by a naive submodule Ä k of O k and the Poincaré index i ðg; MÞ, 2 H 1 ðg; O k Þ, for the system ðg; ðG; MÞÞ, can be expressed in terms of Ä k .
This is a Z-module in O k . It contains Z and dO k , and is g-stable as is easily seen. The definition implies that
where, for any g-module M, M g denotes the subset of elements of M invariant under the action of g. For each 2 Ä k and 2 g, we can define an element tðÞ in O k by
As the group g acts on the additive group of the ring O k , we may speak of the first cohomology group
In view of (3), we have
and hence a homomorphism
Proposition 1. The map t in (5) induces an isomorphism
(ii) t is surjective. Let u be any cocycle in Z 1 ðg; O k Þ. We will find a 2 Ä k so that u ¼ tðÞ. Let us try the following element
It is not obvious at this moment that 2 Ä k but the following argument implies it. In fact, we have
which shows that our 2 Ä k and u ¼ tðÞ. Ã From Proposition 1 we have the relation:
Let H be the subgroup of Ä k =Z corresponding to the coboundary group:
Denoting by ½ the class of 2 O k modulo Z, we have, for 2 Ä k ,
In other words,
By (6), (7), (8), (9), we obtain Proposition 2. Let k=Q be a finite Galois extension of degree d with the Galois group g and let Ä k be the module given by (1). Then we have
We note here an obvious relation:
In connection with the cohomology group H 1 ðg; O k Þ, we will study the g-fixed points of the finite module O k =dO k . Let us look at the sequence of modules:
We already know structures of several portions of (11). By (10), we have
by (2)
by Proposition 2
Combining (12), (13), (14) with the obvious isomorphism
we obtain Theorem 1. Let k=Q be a finite Galois extension of degree d with the Galois group g. Then we have
Notations being as before, let us express an element 2 O k as
where
. .
If we define a unimodular matrix A by
is an integral representation of the Galois group g of degree d ¼ ½k : Q.
As for the base change ! 0 afforded by 0 ¼ T; T 2 GL d ðZÞ, let A 0 be the matrix for the new basis. One then finds
Therefore we obtain the following theorem:
Theorem 2. Notations being as above, we have
Let us study here a special case where d ¼ jgj ¼ ½k : Q ¼ 2. Let be the generator of g. As we know there is an of the form ¼ ð1; !Þ. [In general, it is true that 1 can appear in a basis of O k for any number field k.] Then the matrix A , 6 ¼ 1, satisfying (16) must be of the form
Furthermore it is easy to check that the parity of b in (18) is unchanged by the base change ¼ ð1; !Þ ! 0 ¼ ð1; ! 0 Þ. We shall call the parity of b simply the parity of the quadratic field k. Let us set pðkÞ ¼ 1 or 2 according as the parity is odd or even. Theorem 1 and Theorem 2, with elementary facts on quadratic fields, imply the following Proposition 3. Let k=Q be a quadratic field. Then
4. The system ðg; ðG; MÞÞ To begin with let us introduce a simple general setting ðg; ðG; MÞÞ where G is a group, M a left G-module and g is a finite group acting on ðG; MÞ naturally. Namely, we assume that G is a left g-group, M is a left g-module so that
For a cocycle C of g with values in G, we associate a subgroup M C of M by
We consider also a subgroup of M C given by
One verifies that the structure of the module M C =P C depends only on the cohomology class ¼ ½C 2 H 1 ðg; GÞ. 
The determination of the index i ðg; MÞ is a theme inspired by Poincaré. (See [1] , Appendix 3 (in English) and references there.) Now Let k=Q be a finite Galios extension with the Galois group g. As for the group G and the module M, we set
With the natural action of G on M and those of g on each of g and M, we obtain an admissible system ðg; ðG; MÞÞ. The action of G on M is the matrix multiplication: g x ¼ ð
Þ. For our Galois actions, the relation ðt xÞ ¼ ð tÞ ð xÞ is trivial. We can use matrices C ¼ ð
Þ, 2 g as a cocycle 2 Z 1 ðg; GÞ. Instead of additive relation (4), we have, this time, a multiplicative one: C ¼ C C . Since any cocycle t 2 Z 1 ðg; O k Þ is of the form t ¼ tðÞ ¼ ð À Þ=d for some 2 Ä k by (6), we can write
with the matrix
Along with (19), (20), for the cocycle C, we associate a Z-module M C by
We have also a submodule of M C given by
where p C ðxÞ ¼ P C x. We know that the quotient M C =P C depends only on the cohomology class ¼ ½t ¼ ½tðÞ 2 H 1 ðg; O k Þ and is identified with the moduleĤ H 0 ðg; MÞ . Finally we set index i ðg; MÞ ¼ ½M C : P C . In what follows, when a 2 Ä k is fixed, we set simply A ¼ AðÞ.
Hence we have
(ii) P C . By (20), we find In other words,
By (24), (25) 
